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Nonlinear Control of a Proof-Mass Actuator

Douglas K. Lindner,¤ Gregory A. Zvonar,† and Dusan Borojevic‡

Virginia Polytechnic Institute and State University, Blacksburg, Virginia 24061-0111

A proof-mass actuator is an actuator for structural control that accelerates a proof-mass in linear motion,
imparting an equal and opposite force to the structure. A continuousmotion of the proof-mass in one direction will
eventually lead to a collisionof the proof-masswith its stops, impartingshocks to the structure and possiblycausing
damageto the actuator. We propose nonlinearcontrol laws for preventing collisions of the proof-masswith its stops.
The linear control-loop gains are sized so that the proof-masswill not hit its stops under commandedmotions.Then
a nonlinear control loop is added to increase the restoring force to the proof-mass when the proof-mass is close to
its stops. It is shown that the nonlinear control law increases the operating region over an actuator with only linear
control loops. It is also shown that the nonlinear control law allows the mass of the actuator to be decreased while
the same performance is maintained.

Nomenclature
b = modal in� uence coef� cient
d = stroke length of the proof-mass
Fmax = maximum force attainable from the

electromagnetic subsystem
fmax stroke( x ) = maximum force available from sinusoidal

motion of the proof-mass
fpm(t ) = electromagnetic force applied to the

proof-mass
fst(t ) = force applied to the structure by the

proof-mass
Kn = gain of the nonlinear control loop
Kpa = gain of the actuator’s position loop
Kps = gain of the structure’s position loop
Kva = gain of the actuator’s velocity loop
Kvs = gain of the structure’s velocity loop
m = mass of the proof-mass
rmax = value of the saturation function for

command limiter
rpm(t) = reference input signal to the actuator

control loops
rst(t ) = reference input signal to the outer control

loops
ts(x0) = 1% settling time due to the initial

condition x0

vn (t ) D f (yr , Pyr ) = nonlinear restoring force de� ned in Eq. (16)
vpm(t ) = voltage input signal to the actuator
ypm(t ), Pypm(t) = position and velocity of the proof-mass
yst(t), Pyst(t ) = position and velocity of the structure
f ed(x0) = equivalent damping, de� ned in Eq. (9)
f PM(x0) = performance function de� ned in Eq. (12)
f st, x st = damping and modal frequency of the

structure
g (t ) = modal amplitude
x b = saturation break frequency

Introduction

S EVERAL authors have proposed proof-mass actuators for
vibration suppression in � exible structures.1¡16 We de� ne a

proof-mass actuator as any device that accelerates a (proof-) mass
in linear motion and so generates a reaction force on the structure.
This reaction force is used to suppress vibrations in the structure.
Theseactuatorsare attractivebecausethey have a favorableforce-to-
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weight ratio. Previous work has focused on the modeling of these
devices and the structure and interaction between these models,
design of the vibration suppression control loops, and the experi-
mental implementation and demonstration of enhanced damping.
Most of this work is focused on the linear operation of the actuator.

Here we are concerned with the performance of a proof-mass
actuator within a vibration suppression control loop for a � exible
structure.The � nite travelof theproof-mass,calledthe strokelength,
imposes restrictionson the useof theactuator.The stroke length lim-
its the amount of force available from the actuator. If the proof-mass
is driven against its stops, we say the proof-mass has saturated in
stroke. When an actuator saturates in stroke, shocks are imparted to
the structure and damage may result. The stroke saturation de� nes,
in part, the operatingregionof the actuator.Herewe describeseveral
nonlinear control laws to manage the proof-mass to prevent stroke
saturation.The basic idea is that the nonlinearcontroller should ap-
plyan additionalrestoringforcewhen theproof-massis approaching
its stops. This nonlinear control law prevents stroke saturation for
a larger set of initial conditions than an actuator with only linear
control laws. We then show that this region of nonsaturating initial
conditions can be further enlarged by increasing the stroke length
with a corresponding decrease in the mass of the proof-mass. The
results here represent an alternativeapproach to the optimal control
used by Politansky and Pilkey.4

Our model of the proof-mass actuator is based on a linear dc
motor3; however, the results can be applied equally well to other
con� gurations.The model of our actuator captures only the system
level operating characteristics of the proof-mass actuators; it does
not includedetaileddescriptionsof the nonlinearitiesinherent in the
device itself (which are realizationdependent). Our purposeis to de-
scribe the operationalenvelopeof proof-massactuatorswith respect
to those limitationsthat are commonto all realizationsof proof-mass
actuators. These trends would be used as a guide to the selection of
some of the parameters of a particular realization of the actuator.

Recently, an “error governor” controller has been proposed for
systems with saturations.17 This error governor is de� ned by the
boundary of a set of states where the system saturates. When the
systementersinto a regionwhereoneof the statessaturates,the error
governor reduces the gain of the controller, allowing the system to
return to its region of linear operation. This concept for the control
of a saturatingsystem is quite different than the nonlinearcontroller
proposedin thispaper.The controllerproposedherefora proof-mass
actuatorrecognizesthat the correctaction to take when the systemis
close to saturatingis to increasethe controlgain and notdecreasethe
gain as does the error governor. Also the nonlinear controller pro-
posed here depends only on the relative position and velocity of the
proof-massand not on the rest of the statesof the system; that is, it is
independent of the number of modes of the system. The error gov-
ernor in general dependson all of the states of the system and would
require access to them. The nonlinearcontrollerproposed in this pa-
per offers advantages in its implementationover the error governor.
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System Model
Actuator Model

The model of the actuator and structure we use in this paper has
been discussed elsewhere.9–11,14 We summarize that development
here. The actuator is composed of two primary components: the
proof-mass and the base. The proof-mass has mass m (kilograms).
Its range of linear motion is 2d (meters). We say that the actuator
has a stroke of d (meters). The base contains the power electronics
and other materials in a con� guration that can apply a force to
the proof-mass through electromagnetic coupling. The maximum
force that can be applied by the electromechanicalsubsystem to the
proof-mass is Fmax . These parameters are common to any physical
realization of a proof-mass actuator.

Now, consider a proof-mass actuator attached to a � exible struc-
ture, as shown in Fig. 1, where the structure is modeled with a single
� exible mode. A block diagram of the actuator and structure along
with the control system components is shown in Fig. 2.

The input signal to the actuator is the voltage vpm(t). The force
fpm(t ) on the proof-mass generated by the electromechanical sub-
system is assumed to be proportionalto the input signal vpm(t). (We
assume that the dynamics of the electronics is on a faster time scale
than the dynamics of the proof-mass.) The resulting displacement
and velocity of the proof-mass are denoted by ypm(t ) and Pypm(t),
respectively,and they are identi� ed in Fig. 2. The actuator contains
two local loops to stabilize the proof-mass. (These control loops
subsume the inherent stiffness and damping in the actuator.) The
inner loop, labeled “actuatorcontrol loop: velocity feedback,”feeds
back the velocity signal with a gain of Kva. The outer loop is a neg-
ative unity feedback of the position of the proof-mass. This loop
is labeled the “actuator control loop: position feedback.” The two
gains, Kva and Kpa , determine the transfer function Ypm(s)/ Rpm(s)
when the structure is constrainedto be stationary[when yst(t) ´ 0].
The design of the actuator control loops is discussed later.

Fig. 1 Proof-mass actuator and a single-mode model.

Fig. 2 Block diagram of a single-mode structure with a proof-mass actuator.

Model of the Total System
From the full system in Fig. 2, we see that a force applied to the

proof-mass, fpm(t), resultsin a reactionforceon the structure, fst(t ).
At the location of the actuator attachment, the displacement of the
structure is yst(t ). The relationship between the applied force and
the resultingdisplacementand velocityof the structure are given by
a single-mode model:

Rg (t ) C 2 f st x st Pg (t ) C x 2
st g (t ) D b fst(t )

yst(t ) D b g (t ), Pyst(t) D b Pg (t )
(1)

In the numerical simulationsthat follow, the parameter valuesof the
structurein Eq. (1) are x st D 8.165 rad/s,b D 0.024,and f st D0.003
(0.3% damping). This model assumes that there is a displacement
and velocity sensor collocated with the actuator.

We consider two feedback loops to affect the vibration suppres-
sion control loops. The � rst loop, labeled “vibration suppression
loop: position feedback” in Fig. 2, feeds back the position of the
structure to the actuator with a gain of Kps to the actuator reference
input rpm(t ). The second loop, labeled “vibration suppression loop:
velocity feedback”in Fig. 2, feeds back the velocityof the structure
to the actuatorwith a gain of Kvs. The primary purposeof the vibra-
tion suppressionloops is to suppressvibrations in the structure.The
gains in the vibration suppression loops are chosen after the gains
of the actuator control loops are � xed.

Nonlinearities
In the analysis that follows, we consider two inherent nonlinear-

ities of the proof-mass actuator. The � rst nonlinearity models the
saturationof the power electronics used in the actuator. We assume
that this limitation can be modeled as a standard saturation nonlin-
earity:

satT ( r ) D
T , r > T

r , ¡T · r · T

¡T , ¡T < r

(2)

For the proof-mass actuator, the force applied to the proof-mass
is modeled by Eq. (2), where T D Fmax and r D vpm(t ). This
nonlinearity is identi� ed in Fig. 2 as the “force limit.”

The second nonlinearityassociatedwith the actuator is the stroke
saturation. Let the relative displacement between the proof-mass
and structure be yr (t ). If the relative displacement of the proof-
mass is greater than stroke d , jyr (t )j ¸ d , then the proof-mass will
run against its stops. This nonlinearity is not shown explicitly in
the block diagram of the system in Fig. 2. The stroke saturation
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provides a boundary in the state space of the system over which the
proof-mass may not cross (as discussed later). We do not consider
the dynamics of the total system after the proof-mass contacts its
stops.

For conciseness, we have also shown two nonlinear control ele-
ments in Fig. 2. In addition to the inherent force saturation,we will
introducea command limiter for nonlinearcontrolof theproof-mass
actuator. This command limiter is de� ned by

rpm(t ) D satrmax [rst(t ) ¡ Kvs Pyst(t) ¡ Kps yst(t )] (3)

where the saturation function is de� ned in Eq. (2). This command
limiter is shown in Fig. 2, and it is labeled as such. For the linear
analysis in the next section we set the saturation limit of the com-
mand limiter to in� nity, rmax D 1. Also shown in Fig. 2 is the
nonlinear feedback function. This function is discussed in the next
section. For the linear analysis, the switch is left open.

Linear Design of the Control Loops
Stroke/Force Saturation Curve

In this section, we review the relationship between the linear
control loops of the actuator and its nonlinearities.14 This relation-
ship forms the basis for introducing the nonlinear control laws in
the following sections. Suppose that the motion of the proof-mass
is sinusoidal. Then this motion with its largest possible amplitude
is

ypm(t ) D d sin( x t )

Then the maximum instantaneousforce imparted to the proof-mass
is

fmax stroke D md x 2 (4)

The frequency-dependent curve Eq. (4) is plotted in Fig. 3 on a
log-log scale, and it is labeled as the stroke saturation curve. The
other constraint in our system is the maximum electromechani-
cal force that can be supplied by the electromechanical subsystem
Fmax . Assuming that the motion of the proof-mass is sinusoidal,
this actuator nonlinearity is frequency independent. Hence, this
constraint is a horizontal line shown in Fig. 3 as the force satu-
ration curve. These two force constraints can be combined by tak-
ing the minimum value of the two curves at each frequency. The
resulting curve is the stroke/force saturation curve, also shown in
Fig. 3.

De� ne the saturation break frequency x b as the frequency at
which the maximum forceoutput from the motionof the proof-mass
in Eq. (4) is equal to Fmax,

x b D Fmax/ md (5)

The saturationbreak frequencyis identi� ed in Fig. 3. At frequencies
below the saturationbreak frequency, this maximum force output is
determined by the product of the stroke length and the mass, md in
Eq. (4). The product md is called the mass/stroke constant. Above
the saturation break frequency, the maximum force output is deter-
mined by the maximum available force from the electromechanical
subsystem Fmax .

Fig. 3 Stroke/force saturation curve.

Actuator Control Loops
The stroke/force saturation curve, which contains the parameters

of the actuator, is related to the actuator control gains Kpa and Kva

through the frequency response of the actuator. Consider again the
actuator/structure block diagram in Fig. 2 when the structure is
constrained to be stationary [yst(t) ´ 0]. The command-to-force
transfer function is

Fpm(s)

Rpm(s)
D

Kpas2

s2 C (Kpa Kva/ m)s C (Kpa/ m)
(6)

This is a second-order high-pass � lter. The actuator bandwidth x a

is de� ned as

x a D Kpa / m (7)

which is the corner frequency of the transfer function in Eq. (6),
assuming this system has two complex poles. At low and high fre-
quencies, the slopes of the straight line approximation of the mag-
nitude Bode plot of Eq. (6) match the slopes of the stroke/force
saturation curve. If the actuator bandwidth matches the saturation
break frequency,

Kpa/ m D x a D x b D Fmax/ md (8)

then the straight line approximation of the magnitude Bode plot of
Eq. (6) matches the stroke/force saturation curve. If in addition Kva

is chosen so that the damping factor of this high-pass � lter is 0.707,
then the magnitude of the frequency response of Eq. (6) achieves
the best match to the stroke/force saturation curve.

The correspondence between the magnitude Bode plot of the
transfer function in Eq. (6) and the stroke/force saturation curve
establishes a relationship between the actuator control loops; the
parameters Fmax , m, and d of the actuator; and the nonlinearitiesof
the actuator. Given the actuator with its parameters,we assume that
the actuatorcontrolloopsare chosenaccordingto this criterion.This
choice of the linear control loops uses the actuator to its maximum
capacity.14

After the actuator control loops are � xed, the vibration suppres-
sion control loops are designed. For the control loops in Fig. 2,
Kvs and Kps are chosen to meet the mission requirement of the
closed-loopsystem.9 For concreteness,we assume in this paper that
the actuator is to increase the damping of the structural mode from
0.03 to 5%.

Performance Criteria
The purpose of this paper is to evaluate the performance of the

proof-mass actuator within a vibration suppression control system.
(Our purpose is not to demonstrate that we can add damping to the
structure.) The actuator is to be selectedso that it has the authorityto
meet the damping speci� cations over the largest possible operation
region, but it does not add excessive mass to the structure. For the
performance evaluation, we use a performance function that was
introduced previously.10,11,14

We focus on the transient response of the actuator to a given
initial condition.Let ts(x0) be the 1% settling time of the structure’s
position yst(t ), corresponding to the initial condition x0. De� ne the
equivalent damping f ed(x0) as

f ed(x0) D
¡ (0.01)
x stts(x0)

(9)

For a linear structure, this de� nition of damping will coincide with
the usual de� nition of damping for all initial conditions.

We assume that the mission requirements preclude stroke satu-
ration of the actuator because shocks are imparted to the structure
and damage may occur to the actuator itself. We quantify the stroke
saturation by using the state of the system model

x D [ypm Pypm yst Pyst]
T (10)

For a given set of initial conditions,we examinethe closed-looptime
responseof the relativepositionof the structureand the proof-mass.
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If the relative position is less than the stroke length of the actuator
for t ¸ 0, the actuator does not saturate in stroke and we say that
the initial condition is in the operating region of the actuator. The
operating region OR is the set of initial conditions, where

OR D x0 D x(0) j max
t ¸ 0

jyr (t )j < d (11)

By insisting that the actuator not saturate in stroke, we have de� ned
hard boundaries for the operating system.

The equivalentdamping captures the effect of the saturationnon-
linearity in the actuator. The stroke saturation is captured by the
operatingregion. To combine the two measuresof equivalentdamp-
ing and the operating region, we de� ne the performance function
f PM:

f PM : R4 ! RI f PM(x0) D
f ed(x0), x0 2 OR
0, x0 62 OR

(12)

Given two actuatorswith approximately the same equivalentdamp-
ing pro� le, the actuator with the largest operating region is consid-
ered more desirable.

Mass Ef� ciency
The results in this paper are directed toward developing a sizing

criterionforproof-massactuatorsso that the actuatorhasa minimum
total mass but enough authority to meet the damping speci� cations
(mass-ef� cient actuators16). For a given total mass, the authority of
the actuator is dividedbetween the electromagneticforce applied to
the proof-mass and the mass and stroke length of the proof-mass.
At high frequencies, the authority of the actuator is determined by
maximum force available from the electromechanical subsystem.
An increasein the authorityof theelectromechanicalsubsystemwill
also increase the mass of the base. At low frequencies,the authority
of the actuator is determined by the mass and stroke length of the
proof-mass.As mass of the proof-massis increased, the authorityof
the actuatoris increased.These two parametersindependentlydeter-
mine the capacity of the actuator as summarized by the stroke/force
saturation curve in Fig. 3. One way to parameterize the actuator
authority is to assume that the maximum force available from the
electromechanicalsubsystemof the actuator is � xed at Fmax D 30 N
and to vary the mass of the proof-mass. This parameterization es-
sentiallydeterminesa lower bound on the total mass of the actuator.
Although these remarks do not provide a rigorous framework for
sizing the actuator, they do place the results in the following section
within the context of sizing the actuator.

Performance of Linear Control of the Proof-Mass
Given the control structure in Fig. 2 and the control design strat-

egy described in the prior section, the control loop gains will be
determined by the actuator’s parameters, Fmax, m, and d . The per-
formanceof theactuatorwithin thecontrolsystemwill dependon the
relationship between the parameters of the actuator and the struc-
ture, however. In this section, we review the performance of the
actuator within the linear control loops14 because the linear control
laws form the basis for a comparison with the nonlinear controller
discussed in the following sections.

To discuss the variation of the actuator performance for different
parameters, we begin by � xing the structure’s natural frequency at
x st D 8.165 rad/s as given in Eq. (1). From the analysis of the ac-
tuator’s control loops, we see that the important parameter is the
actuator’s saturationbreak frequency.This constant depends on the
maximum force availableand the mass/stroke constant.For the sim-
ulations that follow, we � x Fmax to 30 N and the stroke length d to
0.15 m. Then we allow the mass of the proof-mass m to vary from
1 to 10 kg. Table 1 shows the control loop gains that result from
applying our design methodology to these three cases.

Case 1: !b1 = 14.142 rad/s >!st

For this choice of parameters, the structure’s natural frequency
is well below the actuator’s saturation break frequency. The per-
formance function is shown in Fig. 4. Note that the performance

Table 1 Actuator and control loop parameters, cases 1–3

m, kg x b , rad/s Kva Kpa Kps Kvs

Case 1 1 14.142 > x st 0.09810 200 0 ¡26
Case 2 3 8.165 D x st 0.17146 200 ¡70 0
Case 3 10 4.472 < x st 0.31305 200 0 ¡11.5

Fig. 4 Performance function for case 1.

Fig. 5 Performance function for case 3.

function is de� ned on a four-dimensional domain. In Fig. 4 and
in the � gures that follow that contain a plot of the performance
function, we have plotted this function on the subspace of initial
conditions de� ned by

yst(0) D ypm(0) and Pyst(0) D Pypm(0) (13)

On this subspace, the proof-mass and the structure have the same
displacement and velocity initially.

Case 2: !b2 = 8.165 rad/s = !st

The performance function for this choice of parameters is very
much like that of Fig. 4 but with an increased operating region.11

[The operating region is the domain of the performance function;
see Eq. (11).]

Case 3: !b3 = 4.472 rad/s < !st

The performance function for this choice of parameters is shown
in Fig. 5. Note that the equivalent damping has been reduced near
the extremes of the operating region. Furthermore, the operating
region is skewed near the extremes. In these regions, the actuator
shows pronounced nonlinear behavior. This performance function
is qualitatively different than the performance function in Fig. 4.
Figure 6 shows the operating region for cases 1–3.

When the actuator’s saturation break frequency is equal to or
greater than the structure’s natural frequency, x b ¸ x st, as in cases
1 and 2, the force available from the actuator is limited by the stroke
length of the actuator (see Fig. 3). Here the stroke nonlinearity de-
� nes the operating region. The actuator exhibits linear behavior
within the operating region as shown in Fig. 4, because the force
saturationnonlinearity is not affecting the dynamics of the actuator
in the operating region.
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Fig. 6 Comparison of operating regions for different values of the sat-
uration break frequency.

When the actuator’s saturation break frequency is less than the
structure’s natural frequency, x b < x st, as in case 3, the operating
region takes on an irregular shape. Close to the origin, the perfor-
mance function matches the performance function in Fig. 4. For
larger excitations, however, the force saturation nonlinearity dom-
inates the actuator dynamics. This nonlinear response corresponds
to a reduced equivalent damping at the extremes of the operating
region as shown in Fig. 5 and the irregular shape of the operating
region. Here the full stroke of the actuator is not being used.

These observations suggest that when the saturation break fre-
quency matches the structure’s resonant frequency, the capacity of
the actuator is being used to its fullest extent.14 At this point, we
ask can nonlinear control of the proof-mass be used to further im-
prove the performanceof the actuator? We can answer this question
in the af� rmative.10,11 When the actuator parameters are chosen so
that the actuator saturationbreak frequency matches the structure’s
resonant frequency, the opportunity for improvement by nonlinear
control is the greatest.The discussionof the nonlinearcontrol in the
next sectionassumes that the actuator is sized to match the structure;
that is, x b is matched to x st.

Nonlinear Control of the Proof-Mass
In this section,we investigatethe additionof nonlinearcontrollers

to the existing proof-mass actuator for the purpose of increasing its
operating region. It is assumed that the actuator is matched to the
structure as described in the prior section. Consider a set of initial
conditions that result in a time history that saturates in stroke, as
shown in Fig. 7. Even though we do not model the stroke satura-
tion event (notice no effect on the time history at the stroke limit),
this time history contains clues on how we could increase the op-
erating region with nonlinear control. When this saturation is tak-
ing place, the vibration suppressionfeedbacksignals are generating
large control signals. This observation suggests that the reference
command to the actuator should be clipped to avoid the large com-
mands that lead to stroke saturation.The feedback signal is clipped
by the command limiter, introduced in Eq. (3) and shown in Fig. 2.
We set the maximum allowable value of the saturation limit at rmax

D stroke length D d D 0.15 m because we do not wish to com-
mand excursions of the proof-mass that violate the stroke length.
For this value of the command limit, the performance function is
shown in Fig. 8. The command limiter serves to reduce the effec-
tive gain of the vibration suppression loop gain when the proof-
mass/structure states are close to the stroke limit, because the large
command signalsare clipped.Hence, near the boundaryof the oper-
ating regionsome lossof dampingis expected(comparewith Fig. 4),
although the operating region is increased (see Fig. 11 in the next
section).

A second nonlinearity for managing the actuator that suggests
itself is a hard spring. When the proof-mass is close to the stops, the
restoring force should grow stronger acting to prevent a collision.
Adding this kind of nonlinearitydoes serve to increasethe operating
region.10,11 Suppose, however, that the proof-mass is close to one
stop but movingaway from that stop.The stiff springacts to increase
the velocityof the proof-mass,causing it to overshoot into the other
stop. This observation leads to the following nonlinear control law.
We want to increase the stiffness only when the proof-mass is close
to the stopsand the proof-massis movingtoward the stop. In all other

Fig. 7 Typical time response resulting in stroke saturation.

Fig. 8 Performance function with command limiter.

states, the proof-mass should be governed by the linear differential
equations. To de� ne this nonlinear control law, let

sgn(x) D
1, x > 0

0, x D 0

¡1, x < 0

(14)

Using Eq. (14), we de� ne the nonlinear feedback function

vn(t ) D f [yr (t ), Pyr (t )] D
Kn Pyr (t)

fd ¡ yr (t )sgn[ Pyr (t)]g2
(15)

We call the function in Eq. (15) the position/velocity nonlinearity.
When the relative position yr (t ) is positive and close to the stroke
length d and the relative velocity Pyr (t ) is positive, the denominator
in Eq. (15) is small and the restoring force is large. If the relative
velocity is negative, the proof-mass is moving away from the stops,
the denominator is large, and a small restoring force is applied to
the proof-mass.

The value of the gain Kn in Eq. (15) was chosen in the following
manner. It is clear that the larger this value, the larger the operating
region. This observation follows from the fact that as the value of
Kn increasesso does the size of the restoring force to prevent stroke
saturation. Hence, the peak of the potential large excursions is re-
duced. At the same time, the larger the value of Kn , the more equiv-
alent damping is sacri� ced for increased operating region. Given
this tradeoff, Kn was increased up to a value so that it did not affect
the performance of the actuator over the original operating region.
For the closed-loop system considered here, the structure’s damp-
ing was 5% equivalent damping in an approximate elliptic region
about §0.004 m by §0.03 m/s in Fig. 6. For the gain Kn = 10¡4,
the nonlinear control system matched the damping pro� le over this
region.

The system con� guration for this nonlinear feedback loop is
shown in Fig. 2 with the nonlinear switch closed. A typical time
history of the relative position yr (t), when this nonlinearity is ac-
tive, is shown in Fig. 9. During the initial time, the system tries to
drive the proof-mass into the stops. The nonlinear controller acts to
prevent the strokesaturation,but the equivalentdamping is reduced.
Eventually, the system decays into the linear region of operation.
Here the linearcontrollertakesover anddrivesthe vibrationsto zero.
In the linear region of operation, the nonlinear controller basically
contributes a small gain to the linear control loops.
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Fig. 9 Time response illustrating action of nonlinear control.

Fig. 10 Performance function with position/velocity nonlinearity.

Fig. 11 Comparison of operating regions by using various nonlinear
controls.

The performance function for the actuator with this nonlinear
control is shown in Fig. 10.

Comparison of Controller Performance
In this section we consider nonlinear control laws to manage the

proof-mass to prevent stroke saturation. We added the command
limiter and the position/velocity nonlinearity to the linear control
loops. The operating region for each of these systems is shown in
Fig. 11.

All of the performancefunctions for these three systems have ap-
proximatelythe samevalueof theeffectivedampingon theoperating
region of the linear design. From Fig. 11, we see that the command
limiter and the position/velocity nonlinearity serve to extend the
operating region of the proof-mass actuator without decreasing the
performance over the operating region of the linear design. A com-
parisonof the performancefunction in Figs. 4, 8, and 10 shows that
the increase in the operating region is accompanied by a decrease
in the equivalent damping outside the region of linear operation as
would be expected.

In the preceding section, we saw that the operating region of the
proof-mass actuator could be increased by increasing the mass of

Fig. 12 Comparison of large-mass linear control and small-mass non-
linear control.

the proof-mass. The operating regions of the actuator with a 3-kg
proof-mass with nonlinear control (shown in Fig. 11) is compared
to the operatingregion of the actuatorwith a 10-kg proof-masswith
linear control in Fig. 12. The actuator with the nonlinear control
achieves a larger operating region with a smaller proof-mass.Thus,
the total mass of the actuator can be decreased without any loss of
authority with the use of nonlinear control of the proof-mass.

Effects of Mass and Stroke Length
on Actuator Performance

In the prior section, we examined an actuator with a mass m of
3 kg, a stroke d of 0.15 m, and a force limit Fmax of 30 N. The
mass and stroke were chosen so that the saturationbreak frequency
was matched to the structure’s modal frequency. (The force limit is
assumed to be � xed.) But there are many choices of the mass and
strokeparameters that match these two frequencies.In particular,the
saturation break frequency does not change when the mass/stroke
product (md ) is constant. We now examine the performance of the
actuator for three different values for the mass and the stroke of the
proof-mass so that the mass/stroke product remains constant. The
parameter values and gains of these designs are shown in Table 2.

When only linear control loops are used, all sets of parameters
have the same performancefunctionas in case2 (Ref. 11). Evidently,
trading off the mass against the stroke has very little effect on the
performanceof proof-massactuatorswith only linear control loops.

The performance of the actuator was determined for cases 4–6
with the limiter and position/velocity nonlinearity in actuator con-
trol loop. Qualitatively, the performance function for each actuator
control system is similar to the performance function for the po-
sition/velocity nonlinearity for the mass/stroke product in Fig. 10,
except that the operating region varies for different values of the
stroke length.11 A comparison between the operating regions of all
three sets of actuator parameters in Table 2 is shown in Fig. 13.

Figure 13 shows a clear trend of increasing operating regions
for decreasing mass of the proof-mass. We can draw two conclu-
sions from this observation. First, the operating region can be in-
creased by reducing the mass of the proof-mass while maintaining
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Table 2 System parameters for mass/stroke constant md = 0.45 kg-m

m, kg d , m Kpa Kps Kn

Case 4 1 0.45 66.67 ¡211.2 10¡3

Case 5 3 0.15 200 ¡70 10¡4

Case 6 10 0.045 666.67 ¡20.22 10¡5

Fig. 13 Comparisonofoperatingregion with mass/stroke product con-
stant.

the mass/stroke product constant. Because the stroke/force prod-
uct is constant, the actuator retains its authority in the linear region
while expanding its operating region.

Second, in Fig. 13 the linear operating region is the same for
all sets of actuator parameters. So Fig. 13 shows the incremental
increase in the operating region from linear control to nonlinear
control. The incremental increase in the operating region for the
10-kgproof-massis less than thecorrespondingincreasefor the1-kg
proof-mass. That is, if the mass of the proof-mass is increased, then
the bene� ts of nonlinear control of the proof-mass are decreased.
Evidently proof-mass actuators with large mass and short stroke
do not bene� t proportionally over a proof-mass with low mass but
large stroke from the addition of nonlinear control laws to manage
the proof-mass.

Stability
The presence of the nonlinear control loop introduces nonlinear

dynamics into this system. The origin of this system is an equilib-
rium point. This equilibrium point is asymptoticallystable because
the system is essentially linear in this operating region. Note that
the saturation functions of the form in Eq. (2) are linearized to a
gain of one and the position/velocity nonlinearity Eq. (15) has a
linear gain of zero. We therefore see that the linearized system is
asymptoticallystable, which implies that the origin of the nonlinear
system is also asymptotically stable.

It is still possible that the nonlinear system could exhibit limit
cycles. Therefore, it is prudent to perform nonlinear analysis on the
existingsystemto look for suchbehavior.11,13 Analysisindicatesthat
the nonlinear control laws presented here do not cause any negative
effects.

Conclusions
In this paper, we have proposed a nonlinear controller for a

proof-massactuator to manage the proof-mass.We have shown that
this nonlinear controller will increase the operating region of the
actuator without sacri� cing the damping enhancementof the linear
control loops. In addition it was found that when nonlinear control
was employed, the operating region could be further increased by

decreasingthemassof theproof-massand increasingthe stroke limit
so that their product remained constant. These results show that the
nonlinear control can be used to improve the mass ef� ciency over a
proof-mass actuator with only linear control.
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